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ABSTRACT
Estimating population parameters with a minimum error using survey data influ-
enced by non-response is challenging. This has attracted the attention of researchers
in this area of sampling. On the heels of the aforementioned problem, some classical
estimators of the population mean utilizing the information on two auxiliary vari-
ables using a two-phase sampling scheme with sub-sampling of the non-respondents
are proposed in this paper. Considered in this study is the case where the study and
first auxiliary variables are affected by non-response while the supporting auxiliary
variable is not affected by non-response. The expressions for the proposed estimators’
bias and mean square error have been derived up to the first order of approximation.
Efficiency comparison of the proposed estimator with that of the usual estimator
and some well-known existing estimators of the population mean have been car-
ried out. The theoretical results have also been validated through some empirical
investigations, and it is evident from the results that the proposed estimators will
be preferred in estimating population parameters from survey data with sensitive
indicators that is inflicted with non-response.
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Introduction

In some practical situations, if the information on more than one auxiliary variable is
readily accessible, the information on all such variables could be utilized to provide
more precise estimators of the population parameter. [1] was the first to propose
the multivariate ratio estimators of the population mean utilizing the information on
several auxiliary variables. It was further extended by [2] and [3]. In addition, [4], [5],
and [6] made useful contributions in this area. Numerous estimators of the population
mean have been proposed by [7], [8], and others based on the data on two auxiliary
variables.

In a sample survey, it is of great importance to deal with the problem of non-
response. When the investigator fails to get information from the selected units of
the population, non-response occurs. The non-response has no negative impact on the
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estimates’ results if the traits of the non-responding units are strikingly comparable to
those of the responding units. However, non-response becomes difficult to estimate in
these circumstances since, in practice, it is always observed that responding units are
not very similar to non-responding units. In order to lessen the impact of non-response
error in sample surveys, [9] originally proposed the challenge of sub-sampling the non-
respondents. The problem of sub-sampling the non-respondents was first suggested by
[9] to reduce the effect of non-response error in sample survey. The authors obtained an
unbiased estimator with the technique of sub-sampling the non-respondents, while the
effect of the non-response was only noticed in the variance. [10] suggested the technique
of estimating the non-response propensity. [11] and [12] extended the work by [10] to
calibration technique with some outstanding results. Nonetheless, a number of authors
have addressed the issue of nonresponse in great detail, either by expanding the method
of sub-sampling the non-response by [9] or by suggesting different estimators of the
population parameters. Some of which include [13], [14], [15], [16], [17], [18], [19], [20]
and [21]. In addition, [22], [23], [24], etc, are among several authors who have discussed
the problem of non-response in two-phase sampling scheme.

The problem of estimating the parameter in two-phase sampling becomes more
complex when the non-response is observed on both study and auxiliary variables.
This situation was first handled by [25] to obtain improved estimators. To account for
the loss of information in both the study and auxiliary variables and in addition, obtain
improved estimators of the population mean, this study seeks to utilize information on
two auxiliary variables. The proposed estimators are formulated under the assumption
that the additional (second) auxiliary variable is free from non-response. It is further
assumed that the first
auxiliary variable has a high degree of correlation with the study variable than the
second auxiliary variable. In order to validate the theoretical findings, two different
sets of empirical data have been considered.

Sampling Strategy

Suppose a population comprises of N units (U1, U2, . . . , UN ). Let Y be the study
variable with population mean Ȳ . Let X and Z be the two auxiliary variables with
respective population means X̄ and Z̄. Let yi, xi and zi(i = 1, 2, . . . ..N) be observations
on the ith unit in the population for the variables, Y,X, and Z respectively. Assuming
that non-response is observed on the study variable Y and the first auxiliary variable
X whereas the support variable Z is free from the non-response. It is further assumed
that the population mean X̄ of the auxiliary variable X is unknown. In the present
situation, we first estimate X̄ adopting the concept of double sampling scheme and
then use the estimate so obtained along with the information on the other support
variable Z to get the estimate of X̄. Let a larger sample of size n′ units be selected
from N units using simple random sampling without replacement (SRSWOR) scheme
at the first phase and then a smaller sub-sample of size n units be selected from
n′ (n < n′) units using SRSWOR scheme at the second phase. At the first phase, out
of n′ units, n′

1 units respond and n′
2 units do not respond on the auxiliary variable X

. Now a sub-sample of h′2 unit is selected from the n′
2 units using SRSWOR scheme

(h′2 = n′
2/L

′, L′ > 1) and the information from all the h′2 is collected (see [9]). Thus,
the estimators of X̄ and Z̄ at the first phase are respectively given as

x̄′∗ =
n′

1x̄
′
n1

+n′
2x̄

′
h2

n′

where x̄′n1 and x̄′h2 are respectively the means based on n′
1 responding units and h′2
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non-responding units for the auxiliary variable X . Also, the sample mean of the
supplementary variable Z is given as z̄′ = 1

n′

∑n′

i zi
The variance of the estimators x̄′∗ and z̄′ are respectively given by

V (x̄′∗) =
(

1
n′ − 1

N

)
S2
X + (L′−1)

n W2S
2
X2

V (z̄′) =
(

1
n′ − 1

N

)
S2
Z

where S2
X and S2

X2
are respectively the population mean squares of entire group and

non-response of the auxiliary variable X. S2
Z is the population means square of the

auxiliary variable Z and W2 =
N2

N represents the non-response rate in the population.
Furthermore, at the second phase, it is observed that there are n1 responding units

and n2 non-responding units in the sample of n units for study variable Y and auxiliary
variable X , while the auxiliary variable Z is free from the non-response. Adopting
the [9] technique of sub-sampling the non-respondents, we select a sub-sample of h2
unit from n2 non-responding unit using SRSWOR scheme at the second phase ( h2 =
n2/L

′, L′ > 1 ) and gather the information from all the h2 units. Thus, the [9] unbiased
estimators of Ȳ and X̄ at the second phase are respectively given by
ȳ∗ = n1ȳn1+n2ȳh2

n and x̄∗ = n1x̄n1+n2x̄h2

n
where ȳn1 and ȳh2 are the means based on n1 responding units and h2 non-responding
units respectively for the study variable. x̄n1 and x̄h2 are respectively the means based
on n1 responding units and h2 non-responding units for the auxiliary variable X.
The variances of the unbiased estimators ȳ∗ and x̄∗ are respectively given as:

V (ȳ∗) =
(
1
n − 1

N

)
S2
Y + (L−1)

n W2S
2
Y 2

V (x̄∗) =
(
1
n − 1

N

)
S2
X

(L−1)
n W2S

2
X2

where S2
Y and S2

Y 2 are the population mean squares of entire group and non-response
respectively for the study variable.

Some Existing Estimators

• [17] proposed some ratio and regression-type estimators of population mean
Ȳ using the information on the auxiliary variables X under the condition that
the non-response is observed on both study and auxiliary variables and the
population mean X̄ of the auxiliary variable X is not known. The estimators are
respectively given as

T ∗
1rat =

ȳ∗

x̄∗
x̄∗

T ∗
2reg = ȳ∗ + b∗ (x̄∗ − x̄∗)

where

b∗ =
s∗xy
s∗2x

is an estimator of the population regression coefficient of Y on X, i.e.,

β1 =
SXY

S2
X

,
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s∗xy and s∗2x are respectively the estimators of SXY and S2
X based on (n1 + h2) units.

Further,

SXY = ρXY SXSY ,

and ρXY is the population correlation coefficient between Y and X.
The expression for the mean square error (MSE) of the estimators T ∗

1rat and T ∗
2reg

up to the first order of approximation are respectively given as

MSE(T ∗
1rat) =

(
1

n
− 1

N

)
S2
Y +

(
1

n1
− 1

n

)(
S2
Y +R2S2

X − 2ρXY RSXSY

)
+

(L− 1)

n
W2S

2
Y 2 +W2

(
R2S2

X2 − 2ρXY 2RSX2SY 2

) [(L− 1)

n

]
,

and

MSE(T ∗
2reg) =

[(
1

n
− 1

N

)
+

(
1

n1
− 1

n

)
(1− ρ2XY )

]
S2
Y

+
(L− 1)

n
W2S

2
Y 2 +W2

(
β2
1S

2
X2 + 2β1ρXY 2SX2SY 2

) [(L− 1)

n
− (L− 1)

n′

]
.

where ρXY 2 is the population correlation coefficient between Y and X for the non-
response group and

R =
Y

X
.

[18] proposed a product-ratio estimator under double sampling in the presence of
non-response as follows

Tae = ȳ ∗
st

(
x̄st +Φ

x̄st − Φ

)
,

where

Φ =

k∑
i=1

Cxi
, ȳ ∗

st =

k∑
i=1

piȳ
∗
i , ȳ ∗

i =
n1iȳn1i + n2iȳn2i

ni
, pi =

Ni

N
,

x̄st =

k∑
i=1

pix̄i, x̄ 1
st =

k∑
i=1

pix̄
1
i ,
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with mean square error given as

MSE(Tae) = b2R2
k∑

i=1

[(
1

ni
− 1

Ni

)
p2iS

2
yi

]
− 2abR2

k∑
i=1

[(
1

ni
− 1

Ni

)
p2iS

2
xi

]

+ a2R2
k∑

i=1

[(
1

ni
− 1

Ni

)
p2iS

2
xi

]
− 2bR

k∑
i=1

[(
1

ni
− 1

Ni

)
p2i ρiSxi

Syi

]

+ 2aR

k∑
i=1

[(
1

ni
− 1

Ni

)
p2i ρiSxi

Syi

]
+

k∑
i=1

[(
1

ni
− 1

Ni

)
p2iS

2
yi
+

ki − 1

ni
p2iWi2S

2
yi

]
.

where

R =
Ȳ

X̄
, a =

X̄

X̄ +Φ
, b =

X̄

X̄ − Φ
.

[25] proposed some improved estimators of population mean using two-phase sam-
pling scheme in the presence of non-response as follows:

T ∗∗
1rat = ȳ ∗ x̄

∗
n

x̄ ∗

with

MSE(T ∗∗
1rat) = Ȳ 2

[
f∗ (C2

Y + C2
X − 2ρY XCY CX

)
+ f ′ (C2

Y + C2
Z − 2ρY ZCY CZ

)
+

(L− 1)

n
W2

S2
Y 2

Ȳ 2

+W2

(
S2
X2

X̄2
− 2ρY X2

SX2

X̄

SY 2

Ȳ

)[
(L− 1)

n
−
(
L− 1

n′

)]]
.

where

f∗ =

(
1

n
− 1

n′

)
, f =

(
1

n′ −
1

N

)
, f ′ =

(
1

n
− 1

N

)
.

T ∗∗
2reg = ȳ ∗ + b∗ (x̄ ∗

1r − x̄ ∗) ,

with
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MSE
(
T ∗∗
2reg

)
= f ′S2

Y + β1β2f
′ (β1β2S2

Z − 2ρY XSY SZ

)
+ β1f

∗ (β1S2
X − 2ρXY SY SX

)
+

L− 1

n
W2

S2
Y 2

Ȳ 2

+W2

(
β2
1S

2
X2 − 2β1ρY X2SY 2SX2

) [L− 1

n
− L− 1

n′

]
.

MSE(Tae1) =

[(
X̄

X̄ − ρi

)2

R2
K∑
i=1

(
1

ni
− 1

Ni

)
p2iS

2
xi

−
(

X̄

X̄ + ρi

)2

R2
K∑
i=1

(
1

n1
i

− 1

Ni

)
p2iS

2
xi

− 2R

(
X̄

X̄ + ρi

) K∑
i=1

(
1

ni
− 1

Ni

)
p2i ρiSxiSyi

+ 2

(
X̄

X̄ + ρi

)
R

K∑
i=1

(
1

n1
i

− 1

Ni

)
p2i ρiSxiSyi

+

K∑
i=1

[(
1

ni
− 1

Ni

)(
ki − 1

ni

)
P 2
i WiS

2
y2i

]]
.

Proposed estimators

In this study, new ratio and regression type estimators of the population mean Ȳ
using information on two auxiliary variables are proposed. Under the condition that
the study variable Y and first auxiliary variable X are affected by non-response while
the supplementary information Z is free from the non-response. It is further assumed
that the population mean X̄ is not known. The proposed ratio and regression type
estimators under the given situation are respectively represented as follows

T̂Rat =
ȳ ∗

x̄ ∗
R

x̄ ∗ (1)

T̂Reg = ȳ ∗ + b∗ (x̄ ∗ − x̄ ∗
1r) (2)

where

x̄ ∗
R =

x̄ ∗

z̄ ∗ Z̄, x̄ ∗
1r = x̄ ∗ + b∗

(
z̄ ∗ − Z̄

)
,
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and

b∗ =
s ∗
xz

s2∗z

is an estimator of the population regression coefficient of X and Z, i.e.,

β2 =
SXZ

S2
Z

,

where s ∗
xz and s2∗z are respectively the unbiased estimators of SXZ and S2

Z , based
on (n′

1 + h2) units.
Further,

SXZ = ρXZSXSZ ,

and ρXZ is the population correlation coefficient between X and Z.
To obtain the bias and MSEs of T̂Rat and T̂Reg, we adopt the theory of large sample

approximations.
Let

ȳ ∗ = Ȳ (1 + e0), x̄ ∗ = X̄(1 + e1), x̄ ∗′
= X̄(1 + e′1),

z̄ ∗ = Z̄(1 + e2), s ∗
xy = SXZ(1 + e2), s2∗x = S2

X(1 + e3),

s ∗
z = SXZ(1 + e4), s2∗z = S2

Z(1 + e5).

Taking expectation of the error terms, the following are obtained

E(e0) = E(e1) = E(e2) = E(e3) = E(e4) = E(e5) = E(e′1) = E(e′2) = 0

E(e20) =

(
1

n
− 1

N

)
C2
Y +

L− 1

n
W2

S2
Y 2

Ȳ 2
,

E(e21) =

(
1

n
− 1

N

)
C2
X +

L− 1

n
W2

S2
X2

X̄2
,
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E(e′21 ) =

(
1

n′ −
1

N

)
C2
X +

L′ − 1

n′ W2
S2
X2

X̄2
,

E(e22) =

(
1

n′ −
1

N

)
C2
Z ,

E(e0e1) =

(
1

n
− 1

N

)
ρXY CXCY +

L− 1

n
W2ρXY 2

SX2

X̄

SY 2

Ȳ
,

E(e0e
′
1) =

(
1

n′ −
1

N

)
ρXY CXCY +

L′ − 1

n′ W2ρXY 2
SX2

X̄

SY 2

Ȳ
,

E(e0e2) =

(
1

n′ −
1

N

)
ρY ZCY CZ ,

E(e1e
′
1) =

(
1

n′ −
1

N

)
C2
X +

L′ − 1

n′ W2
S2
X2

X̄2
,

E(e1e2) =

(
1

n′ −
1

N

)
ρXY CXCY ,

E(e′1e2) =

(
1

n′ −
1

N

)
ρXZCXCZ ,

E(e1e2) =
N(N − n)

(N − 1)(N − 2)

µ21

nX̄SY
+W2

L− 1

n

µ21(2)

X̄SY
,

E(e′1e2) =
N(N − n′)

(N − 1)(N − 2)

µ21

n′X̄SY
+W2

L′ − 1

n′
µ21(2)

X̄SY
,

E(e1e3) =
N(N − n)

(N − 1)(N − 2)

µ30

nX̄S2
X

+W2
L− 1

n

µ30(2)

X̄S2
X2

,
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E(e′1e3) =
N(N − n′)

(N − 1)(N − 2)

µ30

n′X̄S2
X

+W2
L′ − 1

n′
µ30(2)

X̄S2
X2

,

E(e′2e2) =
N(N − n′)

(N − 1)(N − 2)

µ111

n′Z̄SY
,

E(e′2e3) =
N(N − n′)

(N − 1)(N − 2)

µ′
21

n′Z̄S2
X

.

E(e′2e4) =
N(N − n′)

(N − 1)(N − 2)

µ12

n′Z̄SXY
, E(e′2e5) =

N(N − n′)

(N − 1)(N − 2)

µ′
03

n′Z̄SZ
.

E(e′1e4) =
N(N − n′)

(N − 1)(N − 2)

µ31

n′X̄SXZ
+W2

L′ − 1

n′
µ31(2)

X̄SXZ
,

E(e′1e5) =
N(N − n′)

(N − 1)(N − 2)

µ41

n′X̄S2
Z

+W2
L′ − 1

n′
µ41(2)

X̄S2
Z

.

where

µrs =
1

N

N∑
i=1

(xi − X̄)r(yi − Ȳ )s, µrs(2) =
1

N2

N2∑
i=1

(xi − X̄2)
r(yi − Ȳ2)

s,

µ′
rs =

1

N

N∑
i=1

(x′i − X̄)r(yi − Ȳ )s, µrst =
1

N

N∑
i=1

(xi − X̄)r(yi − Ȳ )s(zi − Z̄)t.

CY =
SY

Ȳ
, CX =

SX

X̄
, CZ =

SZ

Z̄
,

X̄2 =
1

N2

N2∑
i=1

xi, Ȳ2 =
1

N2

N2∑
i=1

yi,

and ρXY is the population correlation coefficient between X and Y .
Recall Eq. (1),
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T̂Rat =
ȳ ∗

x̄ ∗
R

x̄ ∗,

= Ȳ (1 + e0)(1 + e1)(1 + e′1)
−1(1 + e′2)

−1,

= Ȳ
[
1− e′21 − e′2 + e′1e

′
2 + e′22 + e1 − e′1e1 + e0 − e0e

′
1 + e0e

′
2

]
. (3)

Now Eq. (3) can be expressed as

T̂Rat − Ȳ = Ȳ
[
1− e′21 − e′1 + e′1e

′
2 + e′21 + e1 − e′1e1 + e0 − e0e

′
1 + e0e1 − 1

]
. (4)

E(T̂Rat − Ȳ ) = Ȳ
[
E(e0) + E(e1)− E(e′1) + E(e′21 )− E(e21)

+ E(e′1e
′
2)− E(e′1e1)− E(e0e

′
1) + E(e0e1)

]
= Ȳ

[
E(e′21 )− E(e21) + E(e′1e

′
2)− E(e′1e1)− E(e0e

′
1) + E(e0e1)

]
.

Bias(T̂Rat) = Ȳ

[
f ′C2

X +
L′ − 1

n′ W2C
2
X2 − fC2

X − L− 1

n
W2C

2
X2

+ f ′ρY XCXCY − f ′C2
X − L′ − 1

n′ W2C
2
X2

− f ′ρY XCXCY − L′ − 1

n′ W2ρY X2CX2CY 2

− f ′C2
X − L′ − 1

n′ W2C
2
X2f

′ρZXCXCZ

]
.

(5)

Squaring both sides of Eq. (4) and taking expectations,

E(T̂Rat − Ȳ )2 = Ȳ 2E
{
e20 + e21 + e′21 + 2e0e1 − 2e0e

′
1 − 2e′1e1

}
. (6)
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= Ȳ 2

{(
1

n
− 1

N

)
C2
Y +

L− 1

n
W2

S2
Y 2

Ȳ 2

+

(
1

n
− 1

N

)
C2
X +

L− 1

n
W2

S2
X2

X̄2

+

(
1

n′ −
1

N

)
C2
X +

L′ − 1

n′ W2
S2
X2

X̄2

+ 2

(
1

n
− 1

N

)
ρY XCXCY + 2

L− 1

n
W2ρY X2

SX2SY 2

X̄Ȳ

− 2

(
1

n′ −
1

N

)
ρY XCXCY − 2

L′ − 1

n′ W2ρY X2
SX2SY 2

X̄Ȳ

− 2

(
1

n′ −
1

N

)
C2
X − 2

L′ − 1

n′ W2
S2
X2

X̄2

}
.

MSE(T̂Rat) = Ȳ 2

{
fC2

Y +
L− 1

n
W2C

2
Y 2 + f∗ (C2

X + 2fρY X2CXCY

)
−W2f2

(
C2
X2 + 2ρY X2CX2CY 2

)}
,

(7)
where

f∗ =

(
1

n
− 1

n′

)
, f2 =

[
L− 1

n
− L′ − 1

n′

]
.

Consider Eq. (2),

T̂Reg = ȳ ∗ + b∗ (x̄ ∗ − x̄ ∗
lr)

= ȳ ∗ + b∗
[
x̄ ∗ −

{
x̄ ∗ − b1∗(z̄ ∗ − Z̄)

}]
= Ȳ + Ȳ e0 + β1(1 + e2)(1 + e3)

−1
[
X̄e1 − X̄e ′

1 + β2
(
1− e5 + e25 + e4 − e4e5

)
(Z̄e ′

2)
]
.

(3)

T̂Reg − Ȳ = Ȳ e0 + β1X̄
[
e1 − e1e3 + e1e2 − e ′

1 + e ′
1e3 − e ′

1e2
]

+ β1β2Z̄
[
e ′
2 − e ′

2e5 + e ′
2e4 − e ′

2e3 + e ′
2e2

]
.

(8)

125



Asian Journal of Statistical Sciences Bassey, Mbuotidem Okon

E(T̂Reg − Ȳ ) = Ȳ E(e0) + β1X̄
[
E(e1)− E(e1e3) + E(e1e2)− E(e ′

1)

+ E(e ′
1e3)− E(e ′

1e2)
]

+ β1β2Z̄
[
E(e ′

2)− E(e ′
2e5) + E(e ′

2e4)

− E(e ′
2e3) + E(e ′

2e2)
]

= β1X̄
[
− E(e1e3) + E(e1e2) + E(e ′

1e3)− E(e ′
1e2)

]
+ β1β2Z̄

[
− E(e ′

2e5) + E(e ′
2e4)− E(e ′

2e3) + E(e ′
2e2)

]
.

= β1X̄

[
− N(N − n)

(N − 1)(N − 2)

µ30

nX̄S2
X

−W2
L− 1

n

µ30(2)

X̄S2
X2

+
N(N − n)

(N − 1)(N − 2)

µ21

nX̄SXY
+W2

L− 1

n

µ21(2)

X̄SXY

+
N(N − n′)

(N − 1)(N − 2)

µ30

n′X̄S2
X

+W2
L′ − 1

n′
µ30(2)

X̄S2
X2

− N(N − n′)

(N − 1)(N − 2)

µ21

n′X̄SXY
−W2

L′ − 1

n′
µ21(2)

X̄SXY

]

+ β1β2Z̄

[
− N(N − n′)

(N − 1)(N − 2)

µ41

n′Z̄S2
Z

−W2
L′ − 1

n′
µ41(2)

Z̄S2
Z

+
N(N − n′)

(N − 1)(N − 2)

µ31

n′Z̄SXZ
+W2

L′ − 1

n′
µ31(2)

Z̄SXZ

− N(N − n′)

(N − 1)(N − 2)

µ30

n′X̄S2
X

−W2
L′ − 1

n′
µ30(2)

X̄S2
X2

+
N(N − n′)

(N − 1)(N − 2)

µ21

n′X̄SXY
+W2

L′ − 1

n′
µ21(2)

X̄SXY

]
.
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Bias(T̂Reg) = β1

[
N2

(N − 1)(N − 2)

(
n′ − n

nn′

)(
µ21

SXY
− µ30

S2
X

)
+W2

(
L′ − 1

n′ − L− 1

n

)(
µ30(2)

S2
X

−
µ21(2)

SXY

)
+ β1P2

{(
− N(N − n′)

(N − 1)(N − 2)n′

)(
µ41

S2
Z

−
µ31(2)

SXZ

)
+W2

L′ − 1

n′

(
µ31

SXZ
−

µ41(2)

S2
S

)
−R∗

{
N(N − n′)

(N − 1)(N − 2)n′

(
µ21

SXY
− µ30

S2
X

)

+W2
L′ − 1

n′

(
µ21(2)

SXY
−

µ30(2)

S2
X

)}}]
.

(9)

where

R∗ =
Z̄

X̄
.

E(T̂Reg − Ȳ )2 = E
[
Ȳ e0 + β1X̄

(
e1 − e1e3 + e1e2 − e′1 + e′1e3 − e′1e2

)
+ β1β2Z̄

(
e′1 − e′1e5 + e′1e4 − e′1e3 + e1e2

) ]2
=

[
Ȳ 2E(e20) + 2β1Ȳ X̄

{
E(e0e1)− E(e0e

′
1)
}
+ 2β1β2Ȳ Z̄E(e0e1)

+ β2
1X̄

2
{
E(e21)− 2E(e1e

′
1) + E(e′21 )

}
+ 2β2

1β2X̄Z̄
{
E(e1e

′
1)− E(e′21 )

}
+ β2

1β
2
2Z̄

2E(e′21 )
]
. (10)

Empirical study

In order to examine the behaviour of the proposed estimators. It is essential to inves-
tigate the theoretical claims with empirical analysis. Therefore, two different data sets
are considered with a view to validate the theoretical claims.

Date Set 1

Data used is from population I considered by [27], page 97. Here, the head length
of the second son is considered as the study variable Y , whereas the head length of
the first son and the head breadth of the first son are respectively considered as the
auxiliary X and Z. The population details are given below:
N = 25, n′ = 10, n = 7, X̄ = 185.72, Ȳ = 183.84, Z̄ = 151.121, CX = 0.0526, CY =
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0.0546,
CZ = 0.0488SX = 9.78872, SY = 10.03766, SZ = 7.374656, SX2 = 6.512581,
SY 2 = 6.691776, SZ2 = 4.91647, ρXY = 0.7108, ρXZ = 0.6932, ρY Z = 0.7346,
ρXY 2 = 0.473867.

Table 1. Table1a: Variance/MSE of the Estimators

W2 L = L′ Variance / MSE

0.2 ȳ∗ T ∗
1 rat T ∗

2 reg T ∗∗
1 rat T ∗∗

2 reg Tae Tae1 T̂Rat T̂Reg

1.5 11.0 9.04 8.7 6.4 6.0 5.3 5.0 4.51 4.00
2 11.6 9.68 9.4 7.1 6.6 5.9 5.1 4.58 4.02
2.5 12.2 10.3 10.0 7.7 7.2 6.1 5.2 5.33 5.13
3 12.9 10.9 10.6 8.3 7.8 6.7 5.3 5.87 5.32

Table 2. Tablelb: PRE of the Estimators

W2 L = L′ PRE

0.2 ȳ∗ T ∗
1 rat T ∗

2 reg T ∗∗
1 rat T ∗∗

2 reg Tae Tae1 T̂Rat T̂Reg

1.5 100 121.8 125.2 170.2 181.5 190.5 193.3 195.1 211.6
2 100 120.3 123.9 164.4 174.6 189.3 190.6 192.5 203.4
2.5 100 118.0 122.8 159.0 168.9 182.7 187.4 188.9 200.9
3 100 117.8 121.8 154.5 163.9 173.3 184.8 185.7 198.3

Data Set 2
Here, the data considered by [28] is used to demonstrate the theoretical results. In
this data set, number of female is considered to be the study variable Y , whereas
the number of female in service and number of educated female are considered to be
auxiliary variables X and Z respectively. The characteristics of the population are
given below:

N = 61, n′ = 20, n = 10, X̄ = 5.31, Ȳ = 7.46, Z̄ = 179.00, CX = 0.7587, CY = 0.71303,

CZ = 0.2515SX = 4.028697, SY = 5.298838, SZ = 45.0185, SX2 = 2.685798, SY 2 = 3.532559,

SZ2 = 30.01233, ρXY = 0.7737, ρXZ = 0.207, ρY Z = 0.0033, ρXY 2 = 0.5158.

Table 3. Table 2a: Variance/MSE of the Estimators

W2 L = L′ Variance / MSE

0.2 ȳ∗ T ∗
1 rat T ∗

2 reg T ∗∗
1 rat T ∗∗

2 reg Tae Tae1 T̂Rat T̂Reg

1.5 2.4 2.4 1.6 2.0 1.6 2.5 2.3 1.9 1.2
2 2.5 2.6 1.7 2.1 1.7 2.6 2.4 2.0 1.2
2.5 2.7 2.6 1.8 2.2 1.8 2.7 2.6 2.0 1.3
3 2.8 2.8 1.9 2.4 1.9 2.8 2.7 2.1 1.4
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Table 4. Table 2b: PRE of the Estimators

W2 L = L′ PRE

0.2 ȳ∗ T ∗
1 rat T ∗

2 reg T ∗∗
1 rat T ∗∗

2reg Tae Tae1 T̂Rat T̂Reg

1.5 100 101.9 152.6 122.8 152.7 100.3 120.8 134.8 164.7
2 100 101.7 149.9 121.3 150.0 100.1 199.4 133.4 163.2
2.5 100 101.5 147.6 120.0 147.6 99.7 198.7 132.4 162.6
3 100 101.4 145.5 118.8 145.5 98.5 198.2 133.1 161.3

Conclusion

In this study, two estimators have been proposed, the ratio and regression-type estima-
tors of the population mean using the information on two auxiliary variables in double
sampling scheme with sub-sampling the non-respondents. A theoretical framework on
the properties of the proposed estimators has been presented in details. A comparative
study of the proposed estimators with the usual mean estimators and some other ex-
isting estimators of the population mean have also been presented. To support the the-
oretical results, empirical study has been considered with two different real data sets.
From the Tables 1a, 1b, 2a and 2b, it is observed that the proposed estimators T̂Rat and
T̂Reg performed better than the existing estimators T ∗

1 rat , T
∗
2 reg , T

∗∗
1 rat , T

∗
2 reg , Tae

and Tae 1 considered in this work. This study has provided more reliable estimators as
a solution to the challenges encountered during estimation of population parameters
from survey data such as; health statistics, household income and expenditure, etc,
which involve sensitive indicators that might attract non-response. For instance, in
the study of household consumption, household income serves as the first auxiliary
variable which is highly correlated with the study variable, and might be affected with
non-response.(see [28]), In this case, the support auxiliary variable could be family size
or geographic location (urban or rural) which will not be affected by non-response.
It becomes necessary for researchers and users of statistics to adopt the proposed
estimators for precise and efficient estimates of the population parameters.
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